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Abstract:
Specific catchment area (SCA) patterns are commonly computed on grids using flow direction algorithms that treat the
flow as coming from a point source at the pixel centre. These algorithms are all ambiguous in the definition of the flow
width to be associated with a pixel when computing the SCA. Different methods for computing the flow width have
been suggested, without giving an objective reason. In the few cases where this issue has been specifically discussed,
the flow width is derived from subjective analysis and incorrect conceptualizations. This paper evaluates alternative
approaches for defining the flow width when computing SCA patterns using the D1 and D8 algorithms, by comparing
theoretical and computed SCA patterns on sloping planes, inward and outward cones. Two new methods of defining
the flow width are also analysed for both the D1 and D8 algorithms. The performances of the different methods are
discussed in relation to two dimensionless parameters: (1) the global resolution, defined as the ratio of a characteristic
length of the study area to the grid size and (2) the upslope area resolution, defined as the ratio of the theoretical SCA
to the grid size. The optimal methods are identified by specific threshold values of these dimensionless parameters.
We conclude that assuming the flow width invariant and equal to the grid size is generally the best approach in most
practical circumstances, both for the D1 and D8 algorithm. Copyright  2005 John Wiley & Sons, Ltd.
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INTRODUCTION
The specific catchment area (SCA) is defined as the total upslope catchment plan area (TCA) draining across
a unit length of contour (Moore et al., 1991). SCA is an estimate of the local lateral discharge rate under
the following three hypotheses: (1) uniform upslope recharge rate; (2) equilibrium condition of the upslope
catchment response (steady-state assumption); and (3) lateral flow (either subsurface or surface flow) parallel
to the surface slope and therefore perpendicular to the unit contour length defining the unit flow width. SCA
can also be interpreted as a characteristic length or extent of the upslope catchment area for the processes
controlling the lateral response of the catchment.
SCA patterns, combined with other variables, such as other terrain attributes or soil–vegetation properties,
are commonly used in hydrological and geomorphological applications. For example, SCA is used to predict
patterns of relative saturation (e.g., Beven and Kirkby, 1979; O’Loughlin, 1981), the spatial occurrence of
shallow landslides (e.g., Montgomery and Dietrich, 1994) and patterns of erosion thresholds (e.g., Dietrich
et al., 1993).
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SCA patterns are computed by analysis of the terrain with different methods. Among these, grid-based
procedures are the most popular. In this paper we critically discuss the definition of the flow width when
computing the SCA on grids, focusing in particular on the D1 and D8 algorithms. We evaluate different
approaches for computing the flow widths by comparing the computed SCA patterns with theoretical ones for
simple geometries, such as a sloping plane, an outward cone and an inward cone. These are similar to those
used by Costa-Cabral and Burges (1994) and Tarboton (1997) for testing their terrain analysis algorithms.
We also introduce and evaluate new approaches for computing the flow widths when using the D1 and D8
algorithms. These methods are derived by analysing the properties of the computed upslope catchment area
patterns and flow direction on sloping planes.
The analysis on the simple geometries is carried out by considering two dimensionless parameters: (1) the
global resolution, defined as the ratio of a characteristic length of the study area (defined below) to the grid
size and (2) the upslope area resolution, defined as the ratio of the theoretical SCA to the grid size. The first
is used to describe the average error statistics across the entire area for different grid sizes. The second is
used to describe the patterns of relative error associated with different grid sizes.
The need for the second index stems from the fact that the error of the computed SCA in a pixel is related
partly to the approximations of the algorithm applied and partly to the quality of the grid representation of the
upslope area. Therefore the performance of different algorithms in terms of relative error has to be analysed
by comparing the values of pixels with similar upslope area resolution, as the errors in pixels with similar
upslope area resolution are likely to be more evenly affected by the quality of the gridded representation of
the upslope area.

METHODS FOR COMPUTING SCA PATTERNS ON GRIDS: A BRIEF REVIEW
In general, prior to the computation of a SCA pattern, a preliminary terrain analysis is done to produce an
intermediate data set that includes: (1) the spatial discretization of the terrain in a network of elemental units
(element network); (2) the connectivity among the elements; and (3) the element terrain attributes. The spatial
discretization is generally related to the method used to structure the elevation data and to the spacing of the
elevation data. The element connectivity defines how the elemental units are laterally connected. In particular,
for each element, the connectivity defines: (1) the downslope elements and (2) the proportion of outgoing
lateral fluxes allocated to each downslope element. The terrain attributes define the attributes of the elements
that are relevant to the description of the lateral flow and of some vertical processes. Elements are generally
assumed planar with a trapezoidal shape. Thus the element attributes are computed by averaging in space the
three-dimensional properties of the element. Examples of element attributes are the spatial dimensions of the
element, the slope and orientation of the flow within the element, which normally also defines the element
aspect.
It is normally preferable to keep this terrain analysis as a separate computational step, so that the
corresponding data set can be used consistently in other terrain-based hydrological applications requiring
information in addition to the SCA pattern.
Procedures based on grids or on triangulated irregular networks (TINs) require little effort in the spatial
discretization, as they produce a network structured according to the spatial distribution of the point elevation
data. On the other hand, these procedures are more demanding in the computation of the element connectivity
and attributes, as it is necessary to overcome inconsistencies between the element network structure and the
underlying hypotheses concerning the lateral flow direction.
In contrast, contour-based procedures require more effort in the construction of the element network,
by partitioning the terrain using contours and flow lines orthogonal to the contours. The resulting network
geometry is structured according to the lateral slope, making the computation of the connectivity and terrain
attributes straightforward (Moore et al., 1991) and the computation of the SCA patterns more faithful to the
SCA definition.
Copyright  2005 John Wiley & Sons, Ltd.
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Contour-based methods are not robust, however, because the construction of the element networks is
complicated, time-consuming and error-prone. Catchments containing complex terrain often need extensive
user intervention, with fine-tuning and addition and deletion of contours in order to avoid invalid flow lines
(Maunder, 1999). Contour-based networks are also an inefficient structure for creating and storing spatial
data. For all these reasons, contour-based networks are not commonly used in hydrological applications.
Overall, grid-based procedures are the most popular, for practical rather than for physical reasons. They
are also preferred to TIN-based methods, because the irregularity of TINs makes the computation of element
connectivity and attributes more difficult (Moore et al., 1991) and because spatial regularity is preferred for
practical aspects related to the management of spatial data.
There are a variety of algorithms for calculating specific catchment area for gridded data, but they are
conceptually similar (except for DEMON) and we first outline the general approach. All the methods first
calculate a contributing area for each cell. Figure 1 illustrates the process of calculating the contributing area
for the D8 single direction algorithm. The small numbers in the lower left of each cell show the elevation and
the solid lines and arrows show the element connectivity, which is determined by finding the steepest descent
direction in this algorithm. To calculate the contributing area at the downstream boundary of a given cell it is
then a matter of summing up all the cells that (have the potential to) contribute flow across the downstream
boundary. The larger numbers in the upper right corners show the contributing area determined using the D8
algorithm. To calculate the specific contributing area, these numbers are then divided by a representative flow
width, the calculation of which is the main topic of this paper. In the case of multi-direction flow algorithms
(e.g., Tarboton, 1997, see below), the connectivity is defined differently as shown for the cell labelled ‘A’ by
the heavy dashed lines. In this case a proportion of the contributing area of cell ‘A’ is assigned to each of
cells ‘B’ and ‘C’. The proportions and number of downslope cells vary depending on exactly which algorithm
is used, however, SCA is again obtained by summing the upslope area contributing to each cell and dividing
by the representative flow width.
Different algorithms have been proposed to analyse gridded elevation data. These algorithms can be
distinguished in two main categories: single-flow-direction (sfd) algorithms and multiple-flow-direction (mfd)
algorithms. Sfd algorithms connect each element with a single downslope element. Mfd algorithms connect
each element with one or more downslope elements. In the latter case, the proportion of outgoing flow
allocated to each downslope element is part of the definition of the connectivity.

Figure 1. Schematic description concerning the computation of SCA patterns on gridded elevation data. The small numbers in the lower
left of each cell show the elevation. The larger numbers in the upper right of each cell show the upslope area determined using the D8
algorithm. The solid lines and arrows show the element connectivity
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Sfd algorithms include D8 (O’Callaghan and Mark, 1984), Rho8 (Fairfield and Leymarie, 1991) and
Lea’s method (Lea, 1992). Mfd methods include those proposed by Quinn et al. (1991) and Freeman (1991),
hereafter referred to as MS methods (Multiple directions based on Slope) as in Tarboton (1997), and D1
(Tarboton, 1997).
All these algorithms produce a discretization of the terrain in rectangular pixels, the sizes of which are
defined by the spacing of the elevation data. The centre of the pixel is considered as a point source of the
outgoing lateral flow and the flow is treated as one-dimensional. For a given pixel, the sum of its area and
the upslope area contributing to it is distributed among the surrounding downslope elements.
The methods differ in the criteria adopted in the definition of the downslope elements and the proportions
of the outgoing flow to be accredited to each of the downslope elements. Basically these criteria arise from
different approaches followed in defining the local slopes and flow directions on the basis of the relative
differences in elevation between a pixel and its eight surrounding pixels.
Mfd algorithms have generally been recognized as performing better than sfd algorithms, at least at the
hillslope scale. MS methods are used in nearly all hydrological applications based on the TOPMODEL
approach (e.g., Quinn et al., 1995). D1 has been shown to give the best results in defining the lateral flow
directions and in resolving patterns of upslope contributing area (Tarboton, 1997).
Among the sfd methods, D8 is still generally used due to its ease of implementation. D8 is also recommended
for representing the flow direction in the channel areas, where mfd algorithms can produce unrealistic
dispersion of the upslope area patterns (Gallant and Wilson, 2000).
Both single- and multiple-flow direction methods are ambiguous in the definition of the flow width to be
associated with each pixel according to the flow direction. This uncertainty comes from treating the flow as
one-dimensional (Costa-Cabral and Burges, 1994). The same flow direction algorithm has been applied with
different approaches in the definition of the flow width, without giving an objective reason. When explicitly
discussed, the flow width has been defined by projecting the rectangular pixel or part of it to the orthogonal
of the computed flow direction. Although this approach may appear ‘physically based’, it arises from an
incorrect conceptualization in that it considers the flow to be two-dimensional, whereas the flow direction has
been computed by assuming one-dimensional flow.
Quinn et al. (1991) explicitly defined the contour length (effectively flow width) to be associated with each
pixel according to different flow directions in their MS method, and they used the contour length itself as
weight factor in the computation of the proportion of flow allocated to each downslope element. They obtained
the contour length by projecting a half pixel in the corresponding flow direction. However, while presenting
their method, they clearly stated that this was ‘subjectively chosen’ and ‘other choices are clearly possible’.
Wolock and McCabe (1995), using other subjective arguments, proposed slightly different values of contour
lengths to be associated with each pixel when they applied Quinn et al.’s (1991) MS method.
Also, two different methods have been used in the literature for computing the flow width in association
with D8, without explanation for the chosen method. In some applications the flow width is assumed equal
to the grid size (e.g., Zhang and Montgomery, 1994; Wolock and McCabe, 1995). In other applications the
flow width is assumed equal to the grid size only when flow is oriented in a cardinal direction, while it is
equal to the length of the pixel diagonal when it is oriented along a diagonal direction, as the pixel diagonal
is equal to the projection of the pixel in the diagonal direction (e.g., Costa-Cabral and Burges, 1994; Gallant
and Wilson, 2000).
No methods have been explicitly discussed for the computation of the flow width in association with D1.
In the few known applications, the flow width is assumed equal to the grid size independently of the flow
direction (e.g., Pack et al., 1998).
It is worth noting that the minimum and maximum values suggested for flow width on gridded DEMs are
0Ð354 (e.g., Quinn et al., 1991) and 1Ð414 times the pixel size (e.g., Costa-Cabral and Burges, 1994; Gallant
and Wilson, 2000), respectively, both of which are suggested for the diagonal flow orientation. The flow
width may not be a real issue when distribution models, such as TOPMODEL (e.g., Quinn et al., 1995),
are used to compute the global response of the catchment, as in this case only the statistics of the spatial
Copyright  2005 John Wiley & Sons, Ltd.
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patterns of SCA are employed and these are not significantly affected by the range of flow widths that can be
reasonably chosen (Quinn et al., 1995). However, it may be more relevant when spatial patterns of SCA are
used to predict spatial patterns of hydrologic and geomorphologic characteristics. In fact, differences between
the maximum and minimum flow width values suggested in the literature can cause variation in SCA values
of a factor of 4.
Costa-Cabral and Burges (1994) recognized the limitations of previous approaches in treating the flow as
one-dimensional and suggested a new procedure called DEMON, which is an excellent alternative. DEMON
is quite different from the other algorithms suggested for computing SCA on gridded elevation data. It is
the only procedure we know of where the terrain analysis is not part of an intermediate step, rather it is
‘in-built’ in the algorithm applied for the computation of the SCA. DEMON in fact does not produce an
element network.
DEMON treats the flow originating from each pixel as two-dimensional and defines a polygon representing
the upslope area by tracing flow lines upslope from two corners of each pixel. It also objectively and correctly
defines the flow width to be associated with each pixel, by projecting the pixel to the orthogonal of the flow
direction. Essentially, DEMON disaggregates each element into a number of elements equal to the number of
flow tubes crossing the elements. Therefore, it does not assign the proportions of outflow to each downslope
pixel unequivocally, i.e., the connectivity among the pixels.
Ultimately, DEMON is the most precise algorithm for resolving the SCA patterns on grids, however, as with
the contour-based methods, it is not robust and cannot be used in all practical circumstances (Tarboton, 1997).
For this reason and because it does not produce an explicit grid network, single- and multiple-flow-direction
algorithms are generally preferred in practical applications.
In the following sections we discuss the computation of SCA patterns with D1 and D8 algorithms, testing
the results on simple geometries: a planar slope, an inward cone and an outward cone.
PLANAR SLOPES
Here we discuss the definition of the pixel flow width for D1 and D8, by comparing theoretical and computed
patterns on planar slopes. Figure 2 shows a planar slope discretized in square pixels. The cross-hatched pixels
define the downslope boundary of the analysed slope. L is the characteristic spatial dimension in the y direction
and it represents the extent of the plane upslope of the marked pixels; d is the grid size, i.e. the spacing of the
elevation data. The ratio  D L/d defines the resolution of the grid in representing the sloping plane relative
to the cross-hatched pixels. In this section  will be called the ‘plane resolution’. The plane has infinite length
in the x direction. The direction of the slope is defined by the angle ˛ with the y direction; ˛ ranges between
0 and /4 radians.
The theoretical SCA at the centre of a pixel located at a distance l from the top edge of the slope is:
2µ  1
l
Dd
1
cos ˛
2 cos ˛
where µ is the resolution of the plane relative to the pixel of interest; µ D  for the pixels located at the toe
of the slope analysed in Figure 2.
The corresponding upslope catchment area resolution is:
aT D

aT
2µ  1
D
d
2 cos ˛
Next we compare these theoretical values to those computed using the D1 and D8 algorithms.
µ, ˛ D

2

Planar slope—D1
D1 computes the SCA patterns after defining the local flow direction. The local flow direction is a
continuous quantity and is equal to the direction of the steepest downward slope among eight triangular facets
Copyright  2005 John Wiley & Sons, Ltd.
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Figure 2. Planar slope, flow direction and characteristic dimensions

formed in a 3 ð 3 pixel window centred on the pixel of interest (Tarboton, 1997). Each of these triangular
facets has a downward slope vector starting from the pixel centre. The vector can lie within or outside the 45°
angle of the facet at the pixel centre. If the slope vector is within this angle, it represents the steepest flow
direction on that facet. If the slope vector angle is outside the facet, the steepest flow direction associated
with that facet is taken along the steepest edge. The magnitude and direction of the steepest downslope vector
from all eight facets are taken as the slope and flow direction of the grid pixel. The D1 procedure searches
for the facet with the largest slope, proceeding anticlockwise from the east direction. The outgoing flow is
then allocated to one or two downslope elements in the cardinal and/or diagonal directions, proportionally to
the respective separating angles from the steepest descent vector (Tarboton, 1997).
In the specific case of the planar slope, D1 computes the flow direction correctly as the steepest descent
vector is oriented according to the actual steepest direction along the plane. The total contributing area (TCA)
computed by D1 at the centre of a pixel located at a distance l from the top edge of the slope is equal to
l C 0Ð5d. Assuming the flow width equal to the grid size d independently from the flow direction, as in
past applications of the D1 algorithm (e.g., Pack et al., 1998), the computed specific catchment area is:
aC D

l C 0Ð5d
D µd
d

3

We call this approach D1d. The bias between computed and theoretical SCA on a strip of pixels along the
direction y is a function of the plane resolution and the slope direction:



BIASD1d , ˛ D

aC  aT 

µD1



D

L
[1  1 C 1  cos ˛]
2 cos ˛

4

If plane resolution is progressively increased, the bias does not converge asymptotically to zero, unless ˛ is
zero:
1  cos ˛
 ! 1, BIASD1d , ˛ ! L
5
2 cos ˛
The local relative error can be expressed as a function of the upslope area resolution and the flow direction:
LRED1d , ˛ D
Copyright  2005 John Wiley & Sons, Ltd.
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As with the bias, the local relative error does not converge asymptotically to zero when ˛ is non-zero:
 ! 1, LRED1d ! 1  cos ˛

7

This analysis suggests that some improvements can be obtained by varying the effective flow width (w)
according to the flow direction as follows:
w D d cos˛
8
The computed SCA is then equal to:
aC D

µ
l C 0Ð5d
D
d
d cos ˛
cos ˛

9

In the following we call this approach D1v. The difference between the two methods (D1d and D1v)
is null for ˛ D 0 and maximum for ˛ D /4. For the D1v method the bias on a strip of pixel along the
direction y is:
L
10
BIASD1v , ˛ D
2 cos ˛
which then does converge to zero with increasing plane resolution, for all ˛. It can also be shown that:
jBIASD1v j < jBIASD1d j

for  >

1 C cos ˛
1  cos ˛

11

The local relative error can be expressed as a function of the upslope area resolution and the flow direction
as follows:
1
12
LRED1v D
2 cos ˛
It can also be shown that:
jLRED1v j < jLRED1d j

for

>

1 C cos ˛
1  cos ˛ cos ˛

13

Therefore, the computation of the SCA with D1 can be improved by varying the flow width according to
the local flow direction (D1v method) on plane slopes, at least above certain resolution thresholds. These
resolution thresholds decrease as ˛ increases from 0 to /4. The smallest values are  D 6 and  D 8Ð3 for
˛ D /4.
Planar slope—D8
D8 assumes that the flow can only be oriented along a single cardinal or diagonal direction, following the
steepest descent to the nearest neighbouring pixels. Slope to a neighbouring downslope pixel is computed as
the ratio of the difference in elevation to the relative planar distance of the corresponding pixelpcentres. The
distance is therefore equal to d between pixels along the cardinal direction, while it is equal to 2d between
pixels along the diagonal direction. If the descent to adjacent cells is the same, then the downslope cell is
selected arbitrarily among these or, particularly in flat regions, by carrying out the analysis on an enlarged
neighbourhood, until a steepest descent is found (Jenson and Domingue, 1998).
On planar slopes, D8 computes the flow direction correctly only when ˛ D 0 and ˛ D /4. For 0  ˛  /8,
the computed flow direction is equal to 0, while for /8  ˛  /4, the flow direction is equal to ˛ D /4.
For ˛ D /8, the flow direction is not unequivocally defined on a plane.
As for D1, the computed TCA at the centre of a pixel located at a distance l from the top edge of the
slope is l C 0Ð5d.
Two approaches have been reported in the literature for the definition of the flow width when computing
SCA with D8. These are:
Copyright  2005 John Wiley & Sons, Ltd.
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1. Flow width always equal to the grid size, as in Wolock and McCabe (1995) or Zhang and Montgomery
(1994);
2. Flow width equal to the grid size when flow is oriented in the cardinal direction, and equal to the pixel
diagonal when flow is oriented in the diagonal direction, as indicated in Costa-Cabral and Burges (1994) or
Wilson and Gallant (2000).
In the following we call the first method D8 d and the second method D8 v1. On a sloping plane as in
Figure 2, D8 d gives
p the same results as D1d, and equations (3) to (7) apply also to D8 d. D8 v1 changes
the flow width to 2d when the computed flow direction is diagonal. Therefore, the SCA results are:
aC µ, ˛ D µd
d
aC µ, ˛ D µ p
2

0  ˛  /8
14

/8  ˛  /4

Thus, equations (3) to (7) apply also to D8 v1 if 0  ˛  /8. For /8  ˛  /4, the bias on a strip of
pixels along the direction y is:
BIASD8

v1 , /8

p
p
L
[ 2  1 C  2  cos ˛]
 ˛  /4 D p
2 2 cos ˛

The local relative error for a generic pixel with upslope catchment resolution  is:


1
cos ˛
LRED8 v1 , /8  ˛  /4 D p  1  p
2 2
2

15

16

If plane resolution is progressively increased, both the bias and the local relative error do not converge
asymptotically to zero, in particular:
p
2  cos ˛
 ! 1, BIASD8 v1 , /8  ˛  /4 ! L p
17
2 2 cos ˛


cos ˛
 ! 1, LRED8 v1 , /8  ˛  /4 !  1  p
18
2
It can be shown that jBIASD8 v1 , /8  ˛  /4j < jBIASD8 d , /8  ˛  /4j only for low resolutions and in particular in the following three cases:  D 1;  D 2 and ˛ < 0Ð66 rad;  D 3 and ˛ < 0Ð48 rad. It
can also be shown that jLRED8 v1 , /8  ˛  /4j < jLRED8 d , /8  ˛  /4j only for low upslope
area resolutions, decreasing from 2 to 1 as ˛ increases from /8 to /4.
p
Now we assess whether improvements could be achieved by assuming flow width equal to d/ 2 for
/8  ˛  /4, as suggested by Equation (8). We call this method D8 v2. In this case, bias and local error
are given by the following relations:
p
L
[1  1 C 1  2 cos ˛]
2 cos ˛
p
1
 1  2 cos ˛
v2 , /8  ˛  /4 D p
2

BIASD8
LRED8

v2 , /8

 ˛  /4 D

It can be shown that, compared to D8 d, the bias of D8 v2 is lower than D8 d if:


2
p
 > 5 and ˛ > arccos
1 C  2 C 1
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The interval of flow directions defined by Equation (21) becomes significant (larger than one-third of the
interval /8  ˛  /4) only for  > 15.
The local relative error of the D8 v2 method is lower than D8 d if:
p


2C1
2
¾
p
and ˛ > arccos p
22
>
D 0Ð59 rad
2[2  1 C 2 cos ˛]
2C1
This threshold value for  increases from 4Ð2 to infinity as ˛ increases from 0Ð59 to 0Ð78 radians. Ultimately,
compared to D8 d, D8 v2 gives the best results for high spatial resolutions, while D8 v1 only for very low
spatial resolutions. The differences among the three analysed methods are maximum for ˛ D /4.

INWARD CONES
We use the following rules in gridding cones (see Figure 3): the peak of the cone is located at a pixel corner,
and pixels are part of the cone surface if pixel centres are located at a distance from the centre less than the
cone radius. The cone can be either an inward cone (like a circular crater) or an outward cone (like a circular
mountain). In this section we analyse the case of the inward cone.
The characteristic dimension L of the cone is the radius. The ratio  D L/d represents the ‘cone resolution’.
The theoretical SCA at a generic point of the inward cone located at a distance r from the centre is equal to:
aT D

L2  r 2
2r

23

The resolution of the upslope surface area is defined as the ratio of the theoretical specific upslope area,
representing the extent of the upslope area, to the grid size and is a function of the cone resolution and the
ratio of the distance from the pixel centre and the rim of the cone to the grid size (µ):
D

2  µ2
aT
D
d
2µ

24

In the following we compare the theoretical SCA pattern with those computed using the D1 and D8
algorithms, accounting for the cone resolution and the patterns of the upslope area resolution.

Figure 3. Grid representation of a circular cone
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Inward cones—D1
While analysing the case of the sloping planes, we discussed two different approaches for the computation
of the flow widths when computing SCA with the D1 algorithm. These are:
1. D1d, flow width always equal to the grid size independently of pixel flow direction;
2. D1v, flow width varying with the flow direction as in Equation (8).
The second approach has been designed by analysing the properties of the TCA patterns on sloping planes
according to different flow direction. Here we evaluate the two approaches on inward cones. For the D1v
approach, the angle ˛ of Equation (8) is taken as the angle between the flow direction (as computed by D1)
and the closest cardinal direction. The two approaches are evaluated by comparing the computed SCA patterns
to the theoretical values defined by Equation (23), considering different cone resolutions. The following error
statistics have been computed on cones with a radius of 100 units, represented by 11 different cone resolutions,
ranging from 8 to 100, i.e. grid size between 12Ð5 units and 1 unit:

aCi  aTi j/N
25
absolute bias ABIAS D j

jaCi  aTi j/N
26
mean absolute error MAE D
The four pixels at the centre of the cone are excluded from the computation of these statistics because D1
cannot compute the flow direction for elements with no downslope neighbours. The error statistics are plotted
in Figure 4. By varying the flow width with the flow direction as in Equation (8), the bias becomes smaller
for cone resolutions larger than 20, while the mean absolute error becomes smaller for cone resolutions larger
than 8. As in the case of the sloping planes, the absolute bias of D1d does not converge to zero for increasing
resolutions, whereas D1v does.
It is also interesting to look at the patterns of the local relative error as a function of the upslope catchment
resolution (). Points with lower upslope catchment resolution correspond to pixels where the relative error
is likely to be affected more by the poorer grid discretization of the upslope area, rather than to the actual

Figure 4. Error statistics of the SCA patterns computed on an inward cone with: (1) D1d and (2) D1v. The cone resolution is expressed
in logarithmic scale
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Figure 5. Absolute relative error of the SCA patterns computed on an inward cone with: (1) D1d and (2) D1v. The continuous line
describes the moving average on a centred window 10 units large. The broken lines represent the corresponding 0Ð025 and 0Ð975 percentiles.
The upslope area resolution is in logarithmic scale

algorithm used to compute flow directions, upslope catchment area and flow width. The error values vary
randomly while  varies continuously within the range analysed. Therefore, in order to get a more robust
estimate of the error trends versus , we calculated the average error statistics for all pixels within a range
of  š 5. Figure 5 shows these averaged errors plotted against . These averages can include values from all
the different resolution grids, because points with the same upslope catchment resolution can represent points
located at different distances from the border for different cone resolutions. Figure 5 also shows the values
corresponding to the 0Ð025 and 0Ð975 percentiles of the absolute relative error in the centred moving window.
D1v produces better average results for upslope area resolutions larger than 7, with a dispersion of the error
around the average that is about half that of D1d.
Inward cones—D8
We compare the SCA patterns computed on inward cones with the D8 algorithm, using the three different
definitions of flow width that have been discussed while analysing the sloping plane. These are:
1. D8 d, flow width always equalp
to the grid size;
2. D8 v1, flow width changed to 2ptimes the grid size when the computed flow direction is diagonal;
3. D8 v2, flow width changed to 1/ 2 times the grid size when the computed flow direction is diagonal.
The analysed cone radius and resolutions are the same as those presented in the previous section. Again the
methods are evaluated by comparing absolute bias (ABIAS, Equation (25)) and mean absolute error (MAE,
Equation (26)) versus the cone resolution and the patterns of absolute relative error versus the upslope area
resolution. For the same reasons given for D1, the four pixels located at the centre of the cones are excluded
while computing the error statistics. The results are illustrated in Figures 6 and 7. In terms of absolute bias,
D8 d produces the best results for cone resolutions between 10 and 40. For larger resolutions D8 v2 gives the
best results. In terms of mean absolute error, differences between D8 v1 and D8 d are not significant. D8 v1
produces slightly better results for cone resolution smaller than 16. The mean absolute error of D8 v2 is larger
than D8 d for cone resolutions smaller than 40, while it is similar to D8 d for larger cone resolutions. It is
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Figure 6. Error statistics of the SCA patterns computed on an inward cone with: (1) D8 d, (2) D8 v1 and (3) D8 v2. The cone resolution
is expressed in logarithmic scale

Figure 7. Absolute relative error of the SCA patterns computed on an inward cone with: (1) D8 d, (2) D8 v1 and (3) D8 v2. The continuous
line describes the moving average on a centred window 10 units large. The broken lines represent the corresponding 0Ð025 percentiles. The
upslope area resolution is in logarithmic scale

interesting to note that D8 d gives an absolute bias very close to D1d on inward cones. D8 v2 also produces
better results in terms of average relative absolute error versus upslope catchment resolution, although with a
larger dispersion towards larger values (Figure 8), while D8 v1 always produces the worst results.
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Figure 8. Standard deviation (std) of the absolute relative error of the SCA patterns computed on an inward cone with: (1) D8 d, (2) D8 v1
and (3) D8 v2. The std has been computed on a centred window 10 units large. The upslope area resolution is in logarithmic scale

OUTWARD CONE
The outward cone is discretized following the same rules used in the case of the inward cone, as depicted in
Figure 3. The theoretical SCA in a generic point of the outward cone located at a distance r from the centre is:
aT D

r
2

27

The resolution of the upslope surface area is therefore a function only of the ratio of the distance of the pixel
centre from the point of the cone to the grid size (µ):
D

aT
µ
D
d
2

28

Now we compare the theoretical SCA pattern with those computed using the D1 and D8 algorithms,
accounting for the cone resolution and the patterns of the upslope catchment resolution.
Outward cone—D1
As for the case of the inward cone, we evaluate the two methods, D1d and D1v, by comparing the
computed patterns to the theoretical patterns. Figure 9 shows the absolute bias (ABIAS, Equation (25)) and
the mean absolute error (MAE, Equation (26)) versus the cone resolution. D1v gives better results for
resolutions larger than 25 with respect to both statistics. Again the ABIAS of D1d does not converge to
zero for increasing resolutions, while D1v does. In terms of average absolute relative error, D1v produces
better results for upslope resolutions larger than 10, although the differences are small (Figure 10). D1d
produces patterns of absolute relative error that converge to a non-zero uniform value for a large upslope area
resolution, as for the sloping plane.
Outward cone—D8
We evaluate the three methods D8 d, D8 v1 and D8 v2 by comparing absolute bias (ABIAS, Equation (25))
and mean absolute error (MAE, Equation (26)) versus the cone resolution and the patterns of absolute relative
Copyright  2005 John Wiley & Sons, Ltd.

Hydrol. Process. 19, 2539– 2556 (2005)

2552

G. B. CHIRICO ET AL.

Figure 9. Error statistics of the SCA patterns computed on an outward cone with: (1) D1d and (2) D1v. The cone resolution is expressed
in logarithmic scale

Figure 10. Absolute relative error of the SCA patterns computed on an outward cone with: (1) D1d and (2) D1v. The continuous line
describes the moving average on a centred window 10 units large. The broken lines represent the corresponding 0Ð025 and 0Ð975 percentiles.
The upslope area resolution is in logarithmic scale

error versus the upslope area resolution. As shown in Figure 11, D8 v2 produces patterns with lowest absolute
bias for cone resolutions larger than 25. We also verified that D8 v1 produces the lowest absolute bias only
for global resolutions less than 7, while the lowest mean absolute error for global resolutions less than 6 (not
shown in Figure 11). The absolute relative error is not sensitive to the upslope area resolution (see Figure 12).
The differences between the three methods are small both in terms of average values and error dispersions.
D8 d still produces slightly better results.
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Figure 11. Error statistics of the SCA patterns computed on an inward cone with: (1) D8 d, (2) D8 v1 and (3) D8 v2. The cone resolution
is expressed in logarithmic scale

Figure 12. Absolute relative error of the SCA patterns computed on an inward cone with: (1) D8 d, (2) D8 v1 and (3) D8 v2. The
continuous line describes the moving average on a centred window 10 units large. The broken lines represent the corresponding 0Ð025
and 0Ð975 percentiles. The upslope area resolution is in logarithmic scale

DISCUSSION AND CONCLUSIONS
We evaluated different methods for defining the flow width on grids, when computing the specific catchment
area patterns using the D1 and D8 algorithms. The analysis was conducted on sloping planes, inward and
outward cones, and the results were compared with the theoretical SCA.
For a given DEM grid size, the error of the computed SCA in a pixel is related partly to the approximations
of the applied algorithm and partly to the quality of the grid representation of the upslope area. Therefore we
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identified two dimensionless parameters to evaluate the performance of the different methods:
1. Global resolution, defined as the ratio of a characteristic length of the study area to the grid size;
2. Upslope area resolution, defined as the ratio of the local theoretical SCA to the grid size.
The first is used to describe the bias and the mean absolute error across the entire area for different grid
sizes. The second is used to describe the patterns of relative error for different grid sizes. In particular,
the performance in relative error is analysed by comparing the values of pixels with similar upslope area
resolution, as the errors in pixels with similar upslope area resolution are likely to be more evenly affected
by the quality of the gridded representation of the upslope area. We discussed two methods for defining the
flow width when using D1:
1. Flow width always equal to the grid size independently of pixel flow direction (D1d method);
2. Flow width varying as a function of the flow direction, as described in Equation (8) (D1v method).
We also compared three methods for defining the flow width when using D8:
1. Flow width always equal to the grid size independently of pixel flow direction (D8pd method);
2. Flow width equal to the grid size for cardinal flow directions and the grid size times 2 when the computed
flow direction is diagonal (D8 v1 method);
p
3. Flow width equal to the grid size for cardinal flow directions and the grid size times 1/ 2 when the
computed flow direction is diagonal (D8 v2 method).
We derived the D1v and D8 v2 methods by analysing the properties of the computed total catchment area and
flow directions on sloping planes. Table I illustrates the intervals of global and relative resolution thresholds
for which D1v performs better than D1d for the different error statistics analysed, on sloping planes with
flow direction at /4 radians, and inward and outward cones. Similarly, Table II illustrates the intervals of
global and relative resolution thresholds for which D8 v1 and D8 v2 perform better than D8 d. It is important
to note that the differences between the analysed error statistics are more significant on planes with flow
direction at /4 radians than on inward or outward cones with similar characteristic lengths L (see Figures 2
and 3).
Compared with D1d, D1v produces the lowest bias and mean absolute error when global resolution is
larger than 25. It also performs better in terms of local relative error for local upslope area resolutions larger
than 10. These resolution thresholds are quite high for most practical applications. Considering that average
hillslope length is 150 m (McMaster, 2002; Tarboton et al., 1991) and typical grid DEM sizes are from 25 m
to 50 m, in practical applications the global resolution  of individual hillslopes is around 3–6, while local
upslope area resolutions are on average less than 6. Therefore, when SCA patterns are computed with D1,
changing the flow width according to the flow direction, as suggested by Equation (8), is preferable only if
Table I. Intervals of global () and relative resolution () for which
the D1v method has been verified to perform better than the
D1d method, for different error statistics (ABIAS D absolute bias,
MAE D mean absolute error, LRE D absolute local relative error)

ABIAS
MAE
LRE
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Plane
(˛ D /4 rad)

Inward
cone

Outward
cone

>5
>5
>8

 > 20
>8
>7

 > 20
 > 25
 > 10
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Table II. Intervals of global () and relative resolution () for which D8 v1 and D8 v2 methods have been verified to perform
better than or similarly to the D1d method, for different error statistics (ABIAS D absolute bias, MAE D mean absolute
error, LRE D local relative error)

D8v1
D8v2

ABIAS
MAE
LRE
ABIAS
MAE
LRE

Plane
(˛ D /4 rad)

Inward
cone

Outward
cone

<2
<2
D1
>5
>5
>4

 < 10
 < 16
never
 > 40
similar for  > 40
any 

<7
<6
never
 > 25
never
never

very high DEM resolutions are employed, i.e. grid DEM sizes of 5 m or less. In all other cases, it is better
to assume the flow width invariant and equal to the grid size.
D8 v1 performs significantly better than D8 d in terms of ABIAS and MAE only for low global resolution
thresholds, particularly on sloping planes. These resolution thresholds are lower than those employed in most
practical circumstances. In terms of LRE, the performance of D8 v1 is always worse than D8 d.
D8 v2 performs significantly better than D8 d on sloping planes only for high global and local upslope area
resolution thresholds, larger than those employed in practical circumstances. Its performance is also better on
inward cones in terms of local relative error. In all other circumstances analysed, the results of D8 v2 are
generally poorer than or similar to those obtained with D8 d.
Therefore, changing the flow width according to the local flow direction using the D8 v1 method is not
only conceptually wrong but leads to poorer results than the D8 d method. Also, the D8 d method performs
better than the alternative D8 v2 method that we defined by analysing the total catchment area and flow
directions computed with D8 on sloping planes, at least for the DEM resolutions normally employed.
In summary, assuming an invariant flow width equal to the grid size is the best approach when SCA are
computed with the D8 and D1 algorithms in most practical circumstances (i.e. unless a very high resolution
DEM is available).
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